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HITCHIN-KOBAYASHI CORRESPONDENCE, QUIVERS, AND VORTICES 


LUIS ALVAREZ-CONSUL AND OSCAR GARCIA-PRADA 


Abstract. A twisted quiver bundle is a set of holomorphic vector bundles over a complex manifold, 
labelled by the vertices of a quiver, linked by a set of morphisms twisted by a fixed collection of 
holomorphic vector bundles, labelled by the arrows. When the manifold is Kahler, quiver bundles admit 
natural gauge-theoretic equations, which unify many known equations for bundles with extra structure. 
In this paper we prove a Hitchin-Kobayashi correspondence for twisted quiver bundles over a compact 
Kahler manifold, relating the existence of solutions to the gauge equations to a stability criterion, and 
consider its application to a number of situations related to Higgs bundles and dimensional reductions 
of the Hermitian-Einstein equations. 


Introduction 


A quiver Q consists of a set Qo of vertices v,v',.. and a set Qi of arrows a : v ^ v' connecting 
the vertices. Given a quiver and a compact Kahler manifold, a quiver bundle is defined by assigning 
a holomorphic vector bundle to a finite number of vertices and a homomorphism (pa ■ £v ^ E^> 
to a finite number of arrows. A quiver sheaf is defined by replacing fhe ferm ‘holomorphic vector 
bundle’ by ‘coherenf sheaf’ in Ibis definilion. If we fix a collecfion of holomorphic vector bundles 
Ma paramefrized by fhe sef of arrows, and fhe morphisms are (pa '■ £v ® Ma —> £v'^ fwisfed by 
fhe corresponding bundles, we have a twisted quiver bundle or a twisted quiver sheaf. In Ibis paper 
we define nafural gauge-fheorefic equafions, fhaf we call quiver vortex equations, for a collecfion of 
hermifian mefrics on fhe bundles associafed to fhe vertices of a fwisfed quiver bundle (for fhis, we 
need fo fix hermifian mefrics on fhe fwisfing vecfor bundles). To solve fhese equafions, we infroduce a 
sfabilify criferion for fwisfed quiver sheaves, and prove a Hifchin-Kobayashi correspondence, relating 
fhe exisfence of (unique) hermifian mefrics satisfying fhe quiver vorfex equafions fo fhe sfabilify of 
fhe quiver bundle. The equafions and fhe sfabilify criferion depend on some real numbers, fhe stability 


parameters (cf. Remarks ^ for fhe exacf number of paramefers). If is relevanf fo poinf ouf fhaf our 
resulfs cannof be derived from fhe general Hifchin-Kobayashi correspondence scheme developed by 

rt- This is due nol only fo fhe presence of fwisfing 


Banfield [ pa[ ] and further generalized by Mundef 
vecfor bundles, buf also fo fhe deformafion of fhe Hermilian-Einslein terms in fhe equafions. This 
deformation is nafurally explained by fhe symplecfic inferprelafion of fhe equations, and accounfs for 
exfra parameters in fhe sfabilify condition for fhe fwisfed quiver bundle. 

This correspondence provides a unifying framework to sfudy a number of problems fhaf have been 
considered previously. The simples! sifuafion occurs when fhe quiver has a single vertex and no ar¬ 
rows, in which case a quiver bundle is jusf a holomorphic bundle £, and fhe gauge equafion is fhe 
Hermitian-Einstein equation. A fheorem of Donaldson, Uhlenbeck and Yau [ pl[ , UY], esfab- 
lishes fhaf a (unique) solufion fo fhe Hermifian-Einsfein equafion exisfs if and only if £ is polysfable. 
The bundle £ is called stable (in fhe sense of Mumford-Takemofo) if /r(JE) < ^(£^) for each proper 
coherenf subsheaf T d £, where fhe slope pffF) is fhe degree divided by fhe rank; a finife direcf sum 
of sfable bundles wifh fhe same slope is called polystable. A correspondence of Ibis fype is usually 
known as a Hitchin-Kobayashi correspondence. A Hifchin-Kobayashi correspondence, where some 
exfra sfrucfure is added fo fhe bundle £, appears in fhe fheory of Higgs bundles, consisting of pairs 
{£, <I>) formed by a holomorphic vecfor bundle £ and a morphism ^ -. £ ^ £ ® £L, where D is 
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the sheaf of holomorphic differentials (sometimes the condition <1> A = 0 is added as part of the 
definition). Higgs bundles were first studied by Hitchin [Q] (when X is a compact Riemann surface), 
and Simpson (when X is higher dimensional), who introduced a natural gauge equation for them, 
and proved a Hitchin-Kobayashi correspondence. Higgs bundles are twisted quiver bundles, for a 
quiver formed by one vertex and one arrow whose head and tail coincide, and the twisting bundle is 
the holomorphic tangent bundle (i.e. the dual to fl). Another class of quiver bundles are holomorphic 
triples { 81 , 82 , <h), consisting of two holomorphic bundles 81 and 82 , and a morphism ^ 82 ^ 8 \. 
The quiver has two vertices, say 1 and 2, and one arrow a : 2 —> 1 (th e twi sting sheaf is Ox)- 
The corresponding equations are called the coupled vortex equations [^, BG|. When 82 = Ox, 
holomorphic triples are holomorphic pairs { 8 , <f>), where f is a bundle and e H^{X, 8 ) (cf. |^). 

There are other examples of quiver vortex equations that come out naturally from the study of the 
moduli of solutions to the Higgs bundle equation. Combining a theorem of Donaldson and Corlette 
^ with the Hitchin-Kobayashi correspondence for Higgs bundles one has that the set 

of isomorphism classes of semisimple complex representations of the fundamental group of X in 
GL(r, C) is in bijection with the moduli space of polystable Higgs bundles with vanishing Chern 
classes. When A is a compact Riemann surface, this generalizes a theorem of Narasimhan and Se- 
shadri [t^|, which provides an interpretation of the unitary representations of the fundamental group 
as degree zero polystable vector bundles, up to isomorphism. Now, if A is a compact Riemann sur¬ 
face of genus g >2, the Morse methods introduced by Hitchin |Q] reduce the study of the topology 
of the moduli Xi of Higgs bundles to the study of the topology of the moduli of complex variations of 
the Hodge structure — the critical points of the Morse function in this case. These are twisted quiver 
bundles, called twisted holomorphic chains, for a quiver whose vertex set is the set Z of integer num¬ 
bers, and whose arrows are a* : i —> i -|- 1, for each i e Z; the twisting bundle associated to each 
arrow is the holomorphic tangent bundle. The twisted holomorphic chains that appear in these criti¬ 
cal submanifolds are polystable for particular values of the stability parameters. Using Morse theory, 
Hitchin [Q computed the Poincare polynomial of Xi for the rank 2 case. Gothen [ p^ obtained 
similar results for rank 3: the critical submanifolds are moduli spaces of stable twisted holomorphic 
chains formed by a line bundle and a rank 2 bundle (i.e. twisted holomorphic triples), and by three 
line bundles. To use these methods for higher rank, one needs to study moduli spaces of other twisted 
holomorphic chains. A possible strategy is to proceed as in [^], studying the moduli of twisted 
holomorphic chains in the whole parameter space. Another interesting type of quiver bundles arise in 
the study of semisimple representations of the fundamental group of A in U(p, q), the unitary group 
for a hermitian inner product of indefinite signature. Here, the quiver has two vertices, say 1 and 2, 
and two arrows, a : 1 —> 2 and 6 : 2 —> 1, and the twisting bundle associated to each arrow is the 
holomorphic tangent bundle. These are studied in [BGGl, BGG2]. 

Another context in which quiver bundles appear naturally is in the study of dimensional reductions 
of the Hermitian-Einstein equation over the product of a Kahler manifold A and a flag manifold. 
In this case , the parabo lic subgroup defining the flag manifold entirely determines the structure of 
the quiver [ AGl , AG2 |. The dimensional reduction for this kind of manifolds has provided insight 
in the general theory of quiver bundles, and was actually the first method used to prove a Hitchin- 
Kobayashi correspondence for holomorphic triples [G2, ^], holomorphic chains [ AGl ], and quiver 
bundles for more general quivers with relations [ AG2j. In these examples, the quiver bundles are not 
twisted, however, there are other examples for whic h a gen e ralizati on of the method of dimensional 
reduction has produced twisted holomorphic triples [ BGKl , BGK2 ]. 

An important feature of the stability of quiver sheaves is that it generally depends on several real 
parameters. When A is an algebraic variety, the ranks and degrees appearing in the numerical condi¬ 
tion defining the stability criterion are integral, and the parameter space is partitioned into chambers. 
Strictly semistable quiver sheaves can occur when the parameters are on a wall separating the cham¬ 
bers, and the stability condition only depends on the chamber in which the parameters are. In the 
case of holomorphic triples [BG], there is a chamber (actually an interval in M) where the stability 
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of the triple is related to the stability of the bundles. This can be used to obtain existence theorems 
for stable triples when the parameters are in this chamber, while the methods of [^] can be used to 
prove existence results for other chambers (see [BGG2] for recent work in the case of triples). The 
geography of the resulting convex polytope for other quivers is an interesting issue to which we wish 
to return in a future paper. To approach this problem, one should study the homological algebra of 
quiver bundles. This has been developed by Gothen and King in a paper [ ]GK| ] that appeared after we 
submitted this paper. 


When the manifold X is a point, a quiver bundle is just a quiver module (over C; cf. e.g. [ ARS]). 
For arbitrary X, a quiver bundle can be regarded as a family of quiver modules (the fibres of the 
quiver bundle), parametrized by X. One can thus transfer to our setting many constructions of the 
theory of quiver modules. In the last part of the paper we introduce a more algebraic point of view 
by considering the path algebra bundle of the twisted quiver and looking at twisted quiver bundles 
as locally free modules over this bund le of algebras. This point of view is inspired by a similar 
construction for quiver modules [ jARSl ], and suggests a generalization to other algebras that appear 
naturally in other problems. This is something to which we plan to come back in the future. 

The Hitchin-Kobayashi correspondence for quiver bundles combines in one theory two different 
versions, in some sense, of the theorem of Kempf and Ness [ ]KN| ] identifying the symplectic quotient 
of a projective variety by a compact Lie group action, with the geometric invariant theory quotient. 
The first one is the classical Hitchin-Kobayashi correspondence for vector bundles, and the second 
one occurs when the manifold X is a point, in which case the equations and the stability condition 
reduce to the moment map equations and the stability condition for quiver modules introduced by 
King 1^. As we prove in Theorem fj, there is in fact a very tight relation between the quiver vortex 
equations and the moment map equations for quiver modules: when the twisting sheaves are Ox and 
the bundles have vanishing Chern classes, the existence of solutions to the quiver vortex equations 
is equivalent to the existence of flat metrics on the bundles which fibrewise satisfy the moment map 
equations for quiver modules. 


1. Twisted quiver bundles 


In this section we define fhe basic objecfs fhaf we shall sfudy: twisted quiver bundles and twisted 
quiver sheaves. They are represenfafions of quivers in fhe categories of holomorphic vector bundles 
and coherenf sheaves, respectively, fwisfed by some fixed holomorphic vecfor bundles, as explained 
in § 1.2. Thus, many resulfs abouf quiver modules, i.e. quiver represenfafions in fhe category of vecfor 
spaces, can be franferred to our seffing. A good reference for quivers and fheir linear represenfafions 
is [lARl. 


1.1. Quivers. A quiver, or directed graph, is a pair of sefs Q = {Qo, Qi) fogelher wifh fwo maps 
h,t : Qi ^ Qq. The elemenfs of Qq (resp. Qi) are called fhe vertices (resp. arrows) of fhe quiver. 
For each arrow a G Qi, fhe vertex ta (resp. ha) is called fhe fail (resp. head) of fhe arrow a. The 
arrow a is sometimes represented by a : v ^ v' when v = ta and v' = ha. 


1.2. Twisted quiver sheaves and bundles. Throughouf fhis paper, X is a connecfed compacf Kahler 
manifold, Q is a quiver, and M is a collection of finite rank locally free sheaves Ma on X, for each 
arrow a G Qi. By a sheaf on X, we shall will mean an analytic sheaf of -modules. Our basic 
objecfs are given by fhe following: 

Definition 1.1. An M-fwisfed Q-sheaf on X is a pair TZ = {S, (f>), where S is a collection of coherent 
sheaves on X, for each v G Qo, and f is a collection of morphisms fa ■ ^ta ® Ma £ha> for 
each a G Qi, such that £^ = 0/or all but finitely many v G Qo, and fa = 0/or all but finitely many 
a G Qi. 
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Remark 1.2. Given a quiver Q = {Qq, Qi), as defined in §1.1, the sets Qq and Qi can be infinite, 
but for each M-twisted Q-sheaf TZ = (<?,</>), the subset Qq C Qo of vertices v such that Sy ^ 0, and 
the subset Q'l C Q\ of arrows o such that (/)„ / 0, are both finite. Thus, to any M-twisted Q-sheaf 
TZ = (<S, (f), we can associate the subquiver Q' = {Qq, Q'l) of Q, and TZ can be seen as an M'-twisted 
Q'-sheaf, where Q'q, Q'^ are finite sets, and M' C M is the collection of sheaves Ma with a £ Qi- 


As usual, we identify a holomorphic vector bundle £, with the locally free sheaf of sections of £. 
Accordingly, a holomorphic M-twisted Q-bundle is an M-twisted Q-sheaf TZ = {£,(j)) such that the 
sheaf £y is a holomorphic vector bundle, for each v £ Qq. For the sake of brevity, in the following 
the terms ‘Q-sheaf’ or ‘Q-bundle’ are to be understood as ‘M-twisted Q-sheaf’ or ‘M-twisted Q- 
bundle’, respectively, often suppressing the adjective ‘M-twisted’. 

A morphism f : IZ ^ IZ' between two Q-sheaves TZ = TZ' = {£',cj)'), is given by a 

collection of morphisms fv ■ £v ^ £v, for each v £ Qq, such that o (/^ (g) idMa) — fv' ° 4>a, 
for each arrow a : v ^ v' in Q. \f f ■. TZ ^ TZ' and g : TZ' ^ TZ" are two morphisms between 
representations TZ = {£, cp), TZ' = {£', </>'), TZ" = {£", cp"), then the composition g o f is defined as 
the collection of composed morphisms gv ° fv ■ £v ^ £'1, for each v £ Qq. We have thus defined the 
category of M-twisted Q-sheaves on X, which is abelian. Important concepts in relation to stability 
and semistability (defined in § ^^ ) are the notions of Q-subsheaves and quotient Q-sheaves, as well as 
indecomposable and simple Q-sheaves. They are defined as for any abelian category. In particular, an 
M-twisted Q-subsheaf of 7^ = {£, cp) is another M-twisted Q-sheaf TZ' = {£', (p') such that C £v, 
for each v £ Qq, (pa{£ta ® ^a) C for each a £ Qi, and cp'^ : <5^'^ (g) Ma £'^a restriction 
of (pa to £l-a <8> Ma, for each a £ Qq. 


2. Gauge equations and stability 

2.1. Gauge equations. Throughout this paper, given a smooth bundle EonX,£l’‘{E) (resp. (E)) 

is the space of smooth £^-valued complex /c-forms (resp. {i, j)-forms) on X, a; is a fixed Kahler form 
on X, and A : —> Q^~^’^~^{E) is contraction with uj (we use the same notation as e.g. 

in [01)- The gauge equations will also depend on a fixed collection q of hermitian metrics qa on 
Ma, for each a £ Qi, which we fix once and for all. Let TZ = {£, cp) be a holomorphic M-twisted 
Q-bundle on X. A hermitian metric on 7^ is a collection H of hermitian metrics Hy on £y, for each 

V £ Qq with £y / 0. To define the gauge equations on TZ, we note that (pa : £ta G) Ma —> £ha 
has a smooth adjoint morphism (p^^^- : £ha £ta G) Ma with respect to the hermitian metrics 
Hta ® qa on £ta ® Ma, and Hha on £ha, for each o £ Qq, so it makes sense to consider the com¬ 
position (pa o (p*a^’^ : £ha “^ £ta ® Ma —> £ha- Moreover, (pa and (p*a^‘^ can be seen as morphisms 
(pa ■ £ta £ha ® M* and (p*a^'^ : £ha ®M*^ £ta, so (p*a^‘^ o (Pa : £ta ^ £ta makes sense too. 

Definition 2.1. Let a and r be collections of real numbers cr„, Ty, with ay positive, for each v £ Qq. 
A hermitian metric H satisfies the M-twisted quiver {a, T)-vortex equations if 

(2.2) ay s/M AFh„ + (t^aO (pa^" - ^ (p*a^" O fa = Ty ids„ , 

for each v £ Qq such that £y 0, where Fh„ is the curvature of the Chern connection Ah.„ 
associated to the metric Hy on the holomorphic vector bundle £y, for each v £ Qq with £y 0. 

2.2. Moment map interpretation. The twisted quiver vortex equations appear as a symplectic re¬ 
duction condition, as we explain now. Let be a collection of smooth vector bundles Ey, for each 

V £ Qq, with Ey = d for all but finitely many v £ Qq. By removing the vertices n G Qo with 
Ey = d and all but finitely many arrows a £ Qi, we obtain a finite subquiver, which we still call 
Q = (Qo, Ql)^ such that Ey 0 for each v £ Qq (see Remark 0)- Let Hy be a hermitian metric 
on Ey, for each v £ Qq. Let sAy and be the corresponding spaces of unitary connections and their 



HITCHIN-KOBAYASHI CORRESPONDENCE, QUIVERS, AND VORTICES 


5 


unitary gauge groups, and let C be the space of unitary connections Ay with = 0, 

for each v ^ Qq. The group 

^=11% 

v£Qo 

acts on the space ^ of unitary connections, and on the representation space defined by 

( 2 . 3 ) H^^y, 0 ° = Q°{Ag{Q,E)), with Ag{Q,E) = 0 Rom{Eta 0 Ma, E^a), 

ueQo aSQi 


where Roui{Eta ® Ma, E^a) is the vector bundle of homomorphisms Eta <8) Ma —> Eha- An element 
p G is a collection of group elements gy G t^y, for each v G Qo, and an element A £ £/ (resp. 
(f) G is a collection of unitary connections Ay £ s^y (resp. smooth morphisms (j}a ■ Eta ® Ma —> 
Eha), for each v £ Qo (resp. a £ Qi). The f#-actions on and OP aie.^ X£/ (p, A) A' = 

g ■ A, with = gyO d^^ o^-^, for each n G Qo; ^ x (2° ^ (2°, (g, 4>) ^ 4>' = g ■ 4>, with </>'„ = 

gha o 4>aO {gTa^ ^ idjuJ 


for each o G Qi, respectively. The induced f^-action on the product 


£/ X leaves invariant the subset of pairs {A, (j)) such that Ay £ siy^, for each v £ Qq, and 
(f)a : Eta ® Ma —> Eha is holomorphic with respect to and Ba,^^, for each a G Qo- Let ujy be 
the -invariant symplectic form on £/y, for each v £ Qo, as given in 1AB| for a compact Riemann 
surface, or e.g. in [DK, Proposition 6.5.8] for any compact Kahler manifold, that is. 


UJ, 


’{^v,gv)= ^tr{^yAgy), for ^y,gy £ n^{ad{Ey)), 
Jx 


where a.(l{Ey) is the vector bundle of i7^,-antiselfadjoint endomorphisms of Ey. The corresponding 
moment map gy : s^y ^ (Lief^^)* is given by gy{Ay) = AFa^ (we use implicitly the inclusion of 
hie^y in its dual space by means of the metric Hy on Ey). The symplectic form on (2*^ associated 
to the -metric induced by the hermitian metrics on the spaces (2*’(Hom(£'ta (g) M^, Eha)) is 
invariant, and has associated moment map : (2*^ ^ (Lie if)* given by g^ = J^y^g^ g 3 g,y, with 
g^^y : (2° — > Lief^^ C Lief# C Lief#)* given by 


(2.4) 


Pa O - 


E 

a&~^(v) 


° Pa, for 0 G (2'^ 


\^m,v{P) = ^ 

a&h~^(v) 

(this follows as in §6], which considers the action of a unitary group on a representation space of 
quiver modules). Given a collection a of real numbers ay > 0, for each v £ Qo, Yly&Qo 
is obviously a f#-invariant symplectic form on £/ x (2°. A moment map for this symplectic form is 
ga = Yly^Qo ^vgv+gsi, whcrc we are omitting pull-backs to £/ xQ^ in the notation. Any collection 
r of real numbers Ty, for each n G Qo defines an element r • id = Yly^Qg '^v id£-„ in the 
center of Lief#. The points of the symplectic reduction g~^(— \P-^-t) /f# are precisely the orbits of 
pairs (A, p) such that the hermitian metric H satisfies the M-twisted (a, T)-vortex quiver equations 
on the corresponding holomorphic quiver bundle TZ = (£,p). Thus, Definition ^ picks up the 
points of g~^{— V—1 t) in the Kahler submanifold (outside its singularities) xV. For convenience 
in the Hitchin-Kobayashi correspondence, it is formulated in terms of hermitian metrics. 


2.3. Stability. To define stability, we need some preliminaries and notation. Let n be the complex 
dimension of X. Given a torsion-free coherent sheaf £ on X, the double dual sheaf det(£f)** is a 
holomorphic line bundle, and we define the first Chern class ci(£) of £ as the first Chern class of 
det (<?)**. The degree of £ is the real number 

Ott 1 

where Vol(A) is the volume of X, is the cohomology class of , and [A] is the funda¬ 

mental class of X. Note that the degree depends on the cohomology class of uj. Given a holomorphic 
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vector bundle S on X, by Chern-Weil theory, its degree equals 

where Fh is the curvature of the Chern connection associated to a hermitian metric H on £. 

Let (5 be a quiver, and cr, r be collections of real numbers with > 0, for each v ^ Qq', a 

and r are called the stability parameters. Let TZ = {£, cj)) be a Q-sheaf on X. 

Definition 2.5. The (cr, r)-degree and {a, r)-slope of TZ are 

deg^,r(■7^) = V (cj^deg(£:^) - r„rk(£’^)), PaA'^) = 

respectively. The Q-sheaf TZ is called (cr, r)-stable (resp. (cr, r)-semistablej if for all proper Q- 
subsheaves TZ' ofTZ, pa^rAJ) < pa,T{TZ) (resp. pa,T{TZ') < pa,T{TZ)). A (cr, r)-polystable Q-sheaf 
is a direct sum of (cr, T)-stable Q-sheaves, all of them with the same (cr, T)-slope. 

As for coherent sheaves, one can prove that any (cr, r)-stable Q-sheaf is simple, i.e. its only 
endomorphisms are the multiples of the identity. 

Remarks 2.6. (i) If a holomorphic Q-bundle TZ admits a hermitian metric satisfying the (cr, r)- 


vortex equations, then taking traces in (2.2), summing for v e Qo, and integrating over X, we 
see that the parameters cr, r are constrained by deg^(7^) = 0. 

(ii) If we transform the parameters cr, r, multiplying by a global constant c > 0, obtaining a' = ccr, 
t' = cr, then Pfj>y{TZ) = ^ct,t(^)- Furthermore, if we transform the parameters r by 
'''v = F + day for some d G M, and let a' = cr, then ^^/ ^./{TZ) = pa,T{TZ) — d. Since the 
stability condition does not change under these two kinds of transformations, the ‘effective’ 
number of stability parameters of a quiver sheaf TZ = (£^, (/>) is 2N(TZ) — 2, where N(TZ) is the 
(finite) number of vertices v £ Qq with £y / 0. From the point of view of the vortex equations 


(2.2), the first type of transformations, a' = ca, t' = cr, corresponds to a redefinition of the 
sections f (note that the stability condition is invariant under this transformation), 

while the second type corresponds to the constraint (ieg^.j.(TZ) = 0 in (i). 

(iii) As usual with stability criteria, in Definition [2.5[ to check (cr, r)-stability of a Q-sheaf TZ, it 
suffices fo check pa^r(TZ') < pa,T(TZ) for fhe proper Q-subsheaves TZ' ^TZ such fhaf £'y C £v 
is safurafed, i.e. such fhaf fhe quofienf £vl£'y is forsion-free, for each v £ Qo- 


3. Hitchin-Kobayashi correspondence 

In fhis section we will prove a Hifchin-Kobayashi correspondence befween fhe fwisfed quiver 
vorfex equations and fhe sfabilify condifion for holomorphic fwisfed quiver bundles: 

Theorem 3.1. Let cr and r be collections of real numbers a^ and Ty, respectively, with ay > 0, for 
each V £ Qq. Let TZ = (£,(j)) be a holomorphic M-twisted Q-bundle such that deg^ .^(TZ) = 0. Then 
TZ is (a, T)-polystable if and only if it admits a hermitian metric H satisfying the quiver (a, T)-vortex 
equations (2.2). This hermitian metric H is unique up to an automorphism of the Q-bundle, i.e. up 
to a multiplication by a constant Xj > Ofor each (a, fy-stable summand TZj ofTZ = TZi © • • • © TZi. 

Remark 3.2. This fheorem generalizes previous fheorems, mainly Donaldson-Uhlenbeck-Yau fhe- 
orem [Dl, D2, UY], fhe Hifchin-Kobayashi correspondence for Higgs bundles holomorphic 

friples and chains [ AGl , BG |, fwisfed holomorphic friples [ BGK2 |, efc. If should be mentioned fhaf 
Theorem 3.1 does nol follow from fhe general fheorems proved in [Ba, M] for fhe following fwo rea¬ 
sons. Firsf, fhe symplecfic form Yly&Qo on £/ x (cf. §^) has been deformed by fhe 

paramefers a whenever ay / ay’ for some v, v' £ Qo; as a matter of fact, the vortex equations (2.2) 


depend on new parameters even for holomorphic triples or chains lAGl, BG], hence generalizing 
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their Hitchin-Kobayashi correspondences (in the case of a holomorphic pair {£,(f>), consisting of a 
holomorphic vector bundle £ and a holomorphic section </> G H^{X,£), as considered in |^, which 
can be understood as a holomorphic triple (j) : Ox —> £, the new parameter can actually be absorbed 
in 4>, so no new parameters are really present). Second, the twisting bundles Mq, for a G Qi, are 
not considered in Our method of proof combines the moment map techniques developed in 


for bundles with a proof of a similar correspondence for quiver modules in ||^, §6]. 


3.1. Preliminaries and general notation. Throughout Section ||, 7?. = {£,c/)) is a fixed holomorphic 
(M-twisted) Q-bundle with deg^^{Tl) = 0. To prove Theorem [3.1[ , we can assume that Q = 
{Qo, Qi) is a finite quiver, with £y / 0, for v G Qo, and (pa 7 ^ 0, for a G Qi (if this is not the case, 
we remove the vertices v with £y = 0, and the arrows a with (pa = 0, see Remark O). The technical 
details of the proof largely simplify by introducing the following notation. Unless otherwise stated, 
V, v',... (resp. a, a',...) stand for elements of Qq (resp. Qi), while sums, direct sums and products 
in V, v\ ... (resp. a, a',...) are over elements of Qq (resp. Qi). Thus, the condition degar{T^) = 0 
is equivalent to deg(£:t,) = ick{£Q. Let 

( 3 . 3 ) £ = (Bv£v', 


a vector u in the fibre £x over x G X, is a collecfion vectors Uy in fhe fibre £y^x over, for each v G Qo- 
Lef : £l^{£y ) —> U‘^’^(<5^) be fhe 9-operafor of fhe holomorphic vector bundle £y, and lef 

(3.4) Be = ®vBe^ 

be fhe induced (9-operafor on £. A hermifian mefric Hy on £y defines a unique Chem connection 
Ah^ compafible wifh fhe holomorphic sfrucfure Be ^; the corresponding covariant derivative is dn^ = 
dHy + Be^, where Br^ ■ fi^(£v) Q^’^(£y) is its (l,0)-part. Thus, given_u G fi"’^(£), Be(u) G 

U*4+1(£;) = 0.„U*4+1(£;^) is the collection of £^^-valued {i,j + l)-forms {Be{u))y = 3e^{uy), for 
each i; G Qo- 


3.1.1. Metrics and associated bundles. Let Mety be the space of hermitian metrics on £y. A her- 
mitian metric (-, on £y is determined by a smooth morphism Hy : £y —> £*, by {uy,Uy)Hy = 
Hy{uy){u'y), with Uy, u'y in the same fibre of £y. The right action of fhe complex gauge group 
on Mety is given, by means of Ibis correspondence, by Mety x '^y —> Mety, {Hy,gy) i—> Hy o gy. 
Lef Sy{Hy) be fhe space of Tf^-selfadjoinl smoofh endomorphisms of £y, for each Hy G Mety. We 
choose a fixed hermifian mefric Ky G Met such fhaf fhe hermifian mefric det(iT^) induced by Ky 
on fhe deferminanf bundle det(<5^) satisfies A/^AFdet(A'„) = deg(£^^), for each v G Qo (such her¬ 
mifian mefric Ky exisfs by Hodge fheory). Any ofher mefric on £y is given by Hy = Kye^'’ for some 
Sy G Sy, or equivalenfly, by {uy,u'y)Hy = {e^'"Uy,Uy)Ky, where Sy = Sy{Ky). Lef Met be fhe space 
of hermifian mefrics on £ such fhaf fhe direcf sum £ = ®y£y is orfhogonal. A mefric H G Met is 
given by a collecfion of mefrics Hy G Mety, by {u, u')h = Yvi'^v, u'y)H„- Lef S{H) = ®ySy{Hy), 
for each H G Met, and S = S{K) = ®ySy. A vector s G S{H) is given by a collecfion of vectors 
Sy G Sy{Hy), for cach u G Qo, while a mefric H G Met is given hy H = Ke^ for some s G S, 
i.e. Hy = Kye^'’ . The (fibrewise) norm on £y (resp. £) corresponding fo Hy (resp. H), is given by 

\uy\H.^ = (uyjUy)]^"^ (resp. \u\h = The corresponding -metric and -norm on fhe 

space of sections of £y (resp. £), is defined by 


{Uy,Uy)e2R^ - / {Uy,Uy')}{^, 11'll?; 11 L2 - (Uy,Uy)j2]J ) iOT Uy,Uy G U (£v) J 

Jx ’ “ 

1 /2 

(resp. {u,u')l^,h = YlyiHv,u'y)L 2 ^H^, \\u\\l 2 ^h = {u,u)^ 2 ^h)- The L^-norm on fhe space of 
secfions of £, given by 


miLP.H = 


\U 


'x 


H 


for u G £l^{£) 
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will also be useful. These metrics and norms induce canonical metrics on the associated bundles, 
which will be denoted with the same symbols. For instance, Hy G Mety (resp. H G Met) in¬ 
duces an LP-norm || • \\LP,Hy on Sy{Hy) (resp. || • \\lp,h on S{H)). To simplify the notation, 
we set {uy,Uy) = {uy,u'y)K„,\uy\ = \uy\Ky,iu,u') = {u,u')k,\u\ = \u\k', and = 

(^Uy,Uy)l^2^J^^,\\Uy\\]^2 \\Uy\\]^2^J^^, (^U,U )j^2 (^U, U ) ]^2 , | | U | | II'^^IIlPjA'- 

The morphisms cl)a ; Sta ® Ma —> £ha induce a section cf) = ®a(ka of the representation bundle, 
defined as the smooth vector bundle over X 

® Hom(£:ta ®Ma,£ha)- 
a 

A metric H G Met induces another metric Ha on each term Houi{£ta ® Ma,£ha) of by 
(t)'a)Ha = o </>„ ^“^r (j)a, (ji'a in the same fibre of Hom(£:ta, £ha), where : £ha ^ 

£ta ® Ma is defined as in § |2.l| . Thus, H defines a hermitian metric on which we shall also 
denote H, by ((/>,(/)')// = where (j),(j)' are in a fibre of The corresponding fi- 

brewise norm | • |// is given by \4>\h = {4’t4’)h ■ integrating the hermitian metric over X, 
(•, ■)Ha and (•, ■)h induce -inner products (•, and (•, ■)h ]^2 on Q^{£ta®Ma,£ha) and (7° = 

respectively, given by (l)a)Ha,H = fxi^a, for (/>„, (l)'a G £l'^{£ta ® Ma,£ha), and 

{4>, = Ea('/’a) 4>a)L^,Ha^ for 4>, 4>' ^ with associated -norms || • ||h^,l 2 , || • given 

by Uah^H = {(paAa)L2^^H and \\(j)\\L 2 ,H = {<PA)l 2 ^h- Wc Set |</>| = \(P\k, 

for each cj), (jJ in the same fibre of and {(j), (j)')i2 = ((/>, (I)')i2 \\(j)\\L2 = \\(j)\\L2 for each cj), cj)' 

smooth sections of 


3.1.2. The vortex equations. Composition of two endomorphisms s,s' £ S is defined by {sos')y = 
Sy o Sy for u G Qo- The identity endomorphism id of £ is given by id^ = id^:,,. Given a vector bundle 
F on X, we define the endomorphisms a,T : F ® End(<?) —> F (g) End(<5), where End(<5) is the 
bundle of smooth endomorphisms of £, by fibrewise multiplication, i.e. {cr ■ {f ® s))„ = f ® o'ySy 
and (r • (/ (g) s))„ = / <g) TySy, for / G F and s G End(£^) in the fibres over the same point x G X. 
For instance, if s G 5, then {a ■ d£{s))y = (Tydg^ (s^). Given H G Met and sections 0, (/>' of we 

i O I 


u*H 


E 

v^h~^{a) 


j*^ o (f)', [(j), G f2^(End(£^)), using §2.1, by 
O 4>')y = Y, 


define the endomorphisms 

(</> o -- _ 

[</,, =(j)o - (f)*^ O (j)'. 

Note that [(j), 4>*^] G S{H). The quiver vortex equations (2.2) can now be written in a compact form 
(3.5) CJ • 1 ^Fh + [(/>, (/>*^] = r • id, for H £ Met. 

Given s £ S and (p £ £1^ = s o (p, (p o s, [s, (p], [(p, s] G are defined by 

(s O (p)a = Sha o (pa, {(p°s)a = (pa° {sta ® foM,), [s, (p] = S O (p - (p O S, [(p, s] = (p O S - S O (p. 


3.1.3. The trace and trace free parts of the vortex equations. The trace map is defined by tr ; 
End(<?) ^ C, s 1-^ tr(s) = X]^tr(s^). Let S^{H) be the space of ‘ cj-trace free’ F-selfadjoint 
endomorphisms s £ S{H), i.e. such that tr(cj • s) = 0, or more explicitly, J^y ((vH{sy) = 0, for 
each H £ Met', let = S^{K) C S. Let Met^ be the space of metrics H = Ke^ with s £ S^. 
The metrics H £ Met^ satisfy the trace part of equation (3.5), i.e. 


(3.6) 


tr(cj • V—1 AF//) = tr(T • id). 


To prove this, let H = Fe® G Met with s £ S. Then det(F.y) = det(F^)e*''®'' so trF//^ = 
Tdet(iL„) = F^etiKy) + 59trs„ = trFx„ + 59trs^ (since the operators induced by 9det(£G and 
ddet{Kv) on the trivial bundle of endomorphisms of det(<5„) are d and d, resp.). Adding for all v. 
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tr(cj • y/^KFu) = tr ((7 • kddtT{a ■ s), where KF^^) = deg(£^^) by 

construction (cf. § |3.1.1[ ), so tr(cT • AFk) = Ylv deg(£^^) = rk(£^,u) = tr(r • id). Thus, 


(3.7) tr(cr • yj—IKF h — r • id) = y/—l kddiT{a • s), 

which is zero if s e S^. This proves (3.6). Therefore, a metric FI = Ke^ G Met^ satisfies the quiver 


(fj, T)-vortex equations (3.5) if and only if it satisfies fhe frace free parf, i.e. 

Ph {a • y/^ AFh + [(j), 4>*^] - r • id) = 0, 
where : S{H) —> S{H) is fhe i7-orfhogonal projecfion onto S^{H). 


3.1.4. Sobolev spaces. Following |l^, given a smoofh vector bundle E, and any infegers 

k,p > 0, is fhe Sobolev space of secfions of class L^, i.e. 77-valued (i,j)-forms whose 

derivafives of order < k have finite L^-norm. Throughouf fhe proof of Theorem |3.1| , we fix an even 
integer p > dimR(3f) = 2n. Note fhaf fhere is a compacf embedding of L\IV'’^{E) info fhe space 
of confinuous 77-valued (i,y)-forms on X, for p > 2n. This embedding will be used in § 3.1.6[ 
Particularly importanf are fhe collection L^S = of Sobolev spaces of TF^-selfadjoinl 

endomorphisms of £y of class the collection Met^ = Met^ y of Sobolev metrics, with 

Met2y = {KyC^'^lsy G L^Sy}, for each v G Qo', 

the subspace C L^S of sections s G L^S such that tr (cr • s) = 0 almost everywhere in X; and 

= { 7 Te*|s^ G L^S^} C Meff. 

Given H = Ke^ G Met^, with s G L^S, we define the 77-adjoint of </>, generalizing the case 
where Sy is smooth, i.e. (j)*^ = o (j)*^ o e^. Similar generalizations apply to the other construc¬ 
tions in §§ |3.1.2| , |3.1.3| , to define L 2 Sy{Hy) and L 2 S{H) = ®yL^Sy{H), as well as the subspace 
L2S^{H) C L^S{H), for each H G Met^. If Hy = G Met^y with Sy G L^Sy, we de¬ 

fine the connection Ah^, with coefficients, and its curvature Eh^ G L^f7^’^(End(£^t;)), with 
coefficients, generalizing the case where Sy is smooth: 

(3.8) dHy := dKy +e-^^dKAe^^), Fh^ = Fk^ + a^„(e-*’'5i,„(e^'')), 

(where du^ is the covariant derivative associated to the connection Ah^). 


3.1.5. The degree of a saturated subsheaf. A saturated coherent subsheaf F' of a holomorphic 
vector bundle F on X (i.e., a coherent subsheaf with FjF' torsion-free), is reflexive, hence a vecfor 
subbundle oufside of codimension 2. Given a hermifian mefric 77 on F, fhe 77-orfhogonal projecfion 
tt' from F onfo F', defined oufside codimension 2, is an L^-secfion of fhe bundle of endomorphisms 
of X, so /3 = ^^^(Tr') is of class I?, where dj: is fhe 9-operafor of F. The degree of F' is 


deg(J7'') = 


Vol(X) 


'X 


\x{t:' yf^kFu) - 11 / 711^2 


H 


(cf. ^31,01). 


3.1.6. Some constructions involving hermitian matrices. The following definitions slightly gen¬ 
eralize [i §4]. Let (^ : E —> M and ^ : E x E —> E be smooth functions. Given s G S, we 
define y?(s) G S and linear maps <P{s) : S ^ S and ‘P{s) : (we denote the last 

two maps with the same symbol since there will not be possible confusion between them). Actually, 
we define maps of fibre bundles <7 : S' —> S(EndS) and ^ : S —> S(End,^), for certain spaces 
S(EndS) and S(End.^), which we first define. Let S(EndS) = ©^,S(EndS^), where S(EndS^,) 
is the space of smooth sections of the bundle End(EndS^) which are selfadjoint w.r.t. the metric 
induced by Ky. Let End.^ be the endomorphism bundle of the vector bundle kS', S(End,^) is the 
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space of smooth sections of End^ which are selfadjoint w.r.t. the metric induced by and We 
define G for G and a linear map ^ — > 5(End<5^) as follows. Let G S^- 

If X G X, let (uy^i) be an orthonormal basis of (w.r.t. K^), with dual basis such that 

Sy = \v,iUv,i ® Furthermore, let {rrf'’^) be the dual of an orthonormal basis of Ma^x (w.r.t. 
Qa). The value of (p{sy) G Sy at the point x G X is defined as in §4], by 

(3.9) (p{sy){x) := ^ ^piXv,i)uv,i ® 


We define ip{s) G S, for s G 5, by ip{s)y := ip{sy). Given fy G Sy with fy{x) = J2i,j fv,ijUy,i ® 
, the value of <P{sy)fy G Sy at the point x G X is 

(3.10) '^{Sy') fy(^x) . ^ ^ '^{Xy^i, Xy j') fy ^jjUy 

ij 

and we define <P : S ^ 5(End<5) and ^ : S' — > S(End.^) as follows. Let s £ S. First, if / G S, 
{<P{s)f)y := (P{sy)fy. Second, given a section (j)ofJ% such that the value of (pa '■ £ta ® Ma £ha at 
X G X is pa{x) = Yli j k 4^a,ijk{x)uha,j®vP°‘’^ for each a G Qi, the value of ^{s)p G 

at X G X is 

(3.11) {<P{s)(p{x))a ■■= y^^^jXhaj, Xta,i)(pa,ijk{x)uha,j ® G* '01-“’^, for each a G Qi. 


Note that if ^ is given by <P{x,y) = ipi{x)ip 2 {y) for certain functions (pi,(p 2 : M ^ M, then 
{<P{s)p)a = y^l{Sha) 0(pa0 i^ 2 {Sha) G) idMa)> ^^t is, 

(3.12) ^{s)p = ipi{s)opo ip 2 {s). 

Finally, given a smooth function y? : M —> M, we define d y? : M x M —> M as in ||^, §4]: 

d ip{x, y) = if X / y, and d ip{x, y) = (p'{x) \ix = y. 


Thus, 


(3.13) 


d£{(p{s)) = dip{s){d£{s)) for s G S. 


The following lemma will be especially important in the proof of Lemma 3.44 . Given a number b, 


L| C L^S is the closed subset of sections s £ L\S such that |s| < h a.e. in X; Lq jS(End.^) is 
similarly defined. 

Lemma 3.14. (i) ip : S ^ S extends to a continous map <y9 : Lg ^S — > Lq for some b'. 

(ii) p : S ^ S extends to a map p \ L\^S ^ L\ yS for some b', for q < 2, which is continuous 


for q < 2. Formula ( p.l3 ) holds in this context. 

(hi) tP : S —> S(EndS) extends to a map ^ : Lg^^S —> Hom(L^n°(EndS), L'^fl‘^(EndS))/or 
q <2, which is continous in the norm operator topology for q <2. 

(iv) ^ : S —> S(End.^) extends to a continuous map : Lg ^S —> Lg yS{End£f) for some b'. 

(v) The previous maps extend to smooth maps p : L^S —> L^S, T> : L^S L 2 S(EndS) and 

F : L^S L^S{End £f) between Banach spaces of Sobolev sections. Formulas ([3.9|)-( ^rT3 ) 

hold everywhere in X. 


Proof. This follows as in [Q, For (v), p > 2n, so there is a compact embedding L^ C C^. □ 
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3.2. Existence of special metric implies polystability. Let Lf be a hermitian metric on TZ satisfying 
the quiver (cr, T)-vortex equations. To prove that TZ is (a, T)-polystable, we can assume that it is 
indecomposable —then we have to prove that it is actually (cr, r)-stable. Let TZ' = {S',(f)') C TZ 
be a proper Q-subsheaf. We can assume that <?' C <5^ is saturated for each u G Qo (cf- Remark 
[2.6Kiii)). Let vr^ be the Lf.,;-orthogonal projection from Sy onto <?', defined outside codimension 2, 
tt" = id—7r(„ and j3y = d£{TT'y). The collections of sections 7r(,,7r",/3^ define elemenfs vr'jvr" G 
L^n*^(End<5), /3 G L^n‘^’^(End<5), respecfively. Taking fhe L^-producf wifh vr' in (3.5), 

(cr • y/^AFH,7r')L2,H + L^,H = Tt') £2 . 

We now evaluafe fhe fhree ferms of fhis equafion. The firsf ferm in fhe leff hand side is 


{a-V^AFH,TT')L2^H = '^ay{^/^AFH^,TT'y)L2^H^ = Vol(X)^(T„deg(£:„)-h^ 


(7 71 




(cf. § [3.L5D . hetcp' = Tr'ocjiOTr', cj)" = 7r"o(f>oTr', (f>-^ = Tr'ocjjoTr". Then(/) = (/)'o 7 r^-|-(/)-*-o 7 r''-|-(^"o 7 r'' 
oufside of codimension 2, for TZ' C TZ. Thus, [tt', ^] = 0-*- o tt", and fhe second ferm is 

{[(PA*^],t^')l^,h = {(p, WA])l^,h = {(P,(P^)lTh = 

Finally, fhe righf hand side is 

(r • id,7r')L2^j^ = f ^ tr«) = Vol(X) ^ rk(£:'), 

^ V V 

(since tr(7r(;) = rk(^') outside of codimension 2). Therefore 

Vol(X)deg^_^(7^') = - ^ (^v\\f3v\\l2^H, - \\^a\\h,Ha- 

vGQo aSQi 

The indecomposabilify of TZ implies fhaf eifher f3y ^ 0 for some v £ Qq or (j)-^ ^ 0 for some a £ Qi, 
fhus, deg^ ,-(72.') < 0, so /io-,T(’^0 < 0 = /io-,T(’^)> hence TZ is (cr, r)-slable. □ 


3.3. The modified Donaldson lagrangian. To define fhe modified Donaldson Lagrangian, we firsl 
recall fhe definilion of fhe Donaldson lagrangian (cf. [^, §5]). Lef Tr : M x R —> M be given by 

gtZ-a: _ (y _ 1 


(3.15) 


T'(x,y) = 


{y-xf 

The Donaldson lagrangian = MuiKy, •) : Met^ ^ > R is given by 

MD,v{Hy) = {■\/^AFK^,Sy)L2 + {^l{Sy){de^Sy),d£.^Sy)L2, fOT ITy = KyC"'' £ Sy £ L^Sy 

The Donaldson lagrangian Mjo^y = MuiKy, •) is additive in fhe sense fhaf 

(3.16) MD,y{IZy, Hy) + MD,y{TTv, Jy) = MD,y{Ky, Jy), for Hy, Jy £ Meff- 

Anofher imporfanf properly is fhaf fhe Lie derivalive of M^^y al Hy £ Met^, in fhe direction of 
S, G LlSy{Hy), is given by fhe momenf map (cf. § |2.2| ), i.e. 

(3.17) -^MD,y{Hye^'''")\^^^ = {■\/^AFH.„,Sy)i ,2 H^, with G Metl,Sy £ LlSy{Hy). 


Higher order Lie derivatives can be easily evaluated. Thus, from (3.8), 


(3.18) 


= d£^dH^e'^‘’vSy, for each Hy £ Met^ and Sy £ L^S{Hy) 


so fhe second order Lie derivative is 
d^ 


de" 


MD,v{Hye — {V Fds^dn^Sy, Sy)i2 }j^ — 




(3.19) 
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(the second equality is obtained by integrating tr(s^ kdtT{svdH^Sv) + 

\dEvSv\H -^>where A.ii{d£^Sv A dn^s^) by the Kahler identities, and 

kdii{s.udH^Sy) = dtr(sydH^(sy)) A jin — 1)! = 0 by Stokes theorem — cf. e.g. 
Lemma 3.1(b) and the proof Proposition 5.1]). 

Definition 3.20. The modified Donaldson lagrangian M^j^t = •) : Met^ — > K is 

M^,r{H) = ^ayMDAHv)+mh,H-U\\h,K-is,r-id)L 2 , for if = Ke^ E Met^, s E L^S. 


Using the constructions of § |3.1.q , the modified Donaldson lagrangian can be expressed in terms of 
the functions 'h, '0 : M x M ^ M, with 'h given by ( p.l5 ) and tp defined by 

(3.21) 'ip{x,y) =e^~y. 

In the following, we use the notation (•, ■)i 2 = (•, ■)l2 x, || • Wl^ = || • \\l2,k-' defined in § 3.1.1 . 
Lemma 3.22. If H = Ke^ E Met 2 , with s € L^S, then 

Ma,T{H) = (cr • VmAFk,s)l2 + (cr • ^{s){d£s),d£s)L2 + {i>{s)4>,(l))L2 - \\(t)\\l2 - (r •id,s)i2. 


Proof. The first two terms follow from the definitions of Md,v and M^^r- To obtain the third term, 
we note that (g) idM^) ° 4>a^°' ° and {'f{s)(l))a = o ° (g) idMa) 


( |3.12| )), so = tr(e*'*“ 0 (^ao(e <g) WmJ o ) = tr{{f{s)f)aof 

{{ip{s)(j))a, 4>a)Ka - The last two terms follow directly from the definition of M^^r- 


*Ka) — 
a J 

□ 


3 . 4 . Minima of the main estimate, and the vortex equations. Let rUfj^r : Met2 

L^’D°(End£^) be defined by 

(3.23) = cr • s/—l AFh + [f, f*^] — r • id, for H = iTe® E Met^, s E L^S. 


Thus, ma^riH) E LPS{H) for each H E Mef^, and actually m 
by (^). Let B > ||m, 

defined by 


-{H) E LPS^{H) ifH £ Metl’^ 


in the closed subset of Metn’^ 


iK)\\% be a positive real number. We are interested in the minima of 


Meff% :={H £ Met 


''2,B 


.pT| 


\m„ 




<B} 


(the restriction to this subset will be necessary to apply Lemma 3.33| below). 


Proposition 3.24. If F is simple, i.e. its only endomorphisms are multiples of the identity, and 
H £ Met^’^Q minimises M^^j- on Met^’^^, then ma^r{H) = 0. 


The minima are thus the solutions of the vortex equations. To prove this, we need a lemma about 
the first and second order Lie derivaties of Given H £ Met^, Lh '■ L^S{H) —> LPS{H) is 

defined by 

(3.25) Lh{s) = for each s £ L^S{H). 

Since = e~^^e^^, with = He^^, we have 

(3.26) = 

so ^[</>, = [</>, [s, Together with ( |3.18| ), this implies that 

(3.27) Lh{s) = a ■ y/Mdsdns + [f, [s,cj)]*^]. 

Lemma 3.28. (i) M^^r {K,H) + M^^r {H, J) = M^^r {K,J), for H,J £ Met^; 

(ii) -^Ma-r(Tfe^^)| _n = t{H), 3)12 h, for each H £ MetZ and s £ L^S{H); 

(16 ’ l£ —u ’ 5 
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(iii) 


de^ 

Met^ cind s G L^S{H). 


= {Lh{s),s)l2^h = ^(^v\\d£,s4l2^H^ + \\[s, for each H G 


Proof. Part (i) follows immediately from ( 3.16D and {Ke^)e^' = . To prove (ii) and (iii), let 

He = He^f for e G M. From ( |3.26| ) we get dl\f\He\e=o = {f'hf*^"\e=o) = = 

which together with ( |3.17| ), proves (ii) (the last term in ( |3.23D is trivially obtained). 
The first equality in (iii) follows from (ii), the iF^-selfadjointness of s (since = 

= s), and (|3.25|): 


d^ d 

2^^cr,TiHe)\^_Q = -^{mcr^T{He), s)]^2^ 


de 


= / tr 

Jx 


de 


m. 


.,r (-??£) =^tr(LH(s)s), 


which equals {Lh{s), s)i 2 jj. To prove the second equality in (iii), we first notice that if f is a 
smooth section of then (s, f o = {s o f, f')H and (s, o (t>')H = {4> ° s, 4 >')h, so 

The second equality in (iii) is now obtained using ( p.27D , ( p.l8D and 
taking f' = [s, f] in the previous formula. □ 

Proof of Proposition 3.24 . We start proving that if IZ is simple and H G then the restriction 

of Lh to L^S^{H), which we also denote by Lh '■ Lu 2 S^{H) —> LPS^{H), is surjective. To do this, 
we only have to show that Lh is a Fredholm operator of index zero and that it has no kernel. First, for 
each vertex v, k^, : LlSy{Hy) defined by ky = (9h„_- y/^Ad£.^dK„, is 

obviously a compact operator (cf. § |3.1.4| ), and by the Kahler identities, Ad£^dK^ acting on L^S 
is the (1,0)-laplacian + d*j^^dK^, which is elliptic and selfadjoint, hence Fredholm, 

and has index zero. Now, Lh equals ay 'f—1 Ad£dH^, up to a compact operator, so it is also 
a Fredholm operator of index zero. To prove that it has no kernel, we notice that if s G L^S^{H) 
satisfies Lh{s) = 0, then (s, Lh{s))l2 h = 0, so Lemma ^A^ iii) implies d£.^Sy = 0 and [s, f] = 0; 
i.e. s is actually an endomorphism of TZ, so Sy = cid£-„, for certain constant c. Since tr(cj • s) = 0, 
the constant is c = 0, so Sy = 0. 

Let H minimise in Mef^ To prove that m„^y{H) = 0, we assume the contrary. Since 
Lh : L^S^{H) —> U’S^{H) is surjective, and G S^{H) is not zero, there exists a non¬ 

zero s G L^S^{H) with Lh{s) = —ma,T{H). We shall consider the values of along the path 
He = He^^ G for small |e|. First, 

-^\'mo-,T{He)\Hg\^—Q = '^H{mcr,T{He) )|£_q = 2{ma-,T{H), Lh{s))h = 


de 

(cf. (3.25)), and since p is even. 


de 


\m^,r{He)\\lp^ 


HAe=0 


i A 


= -p\\m„AHWLP^H < 


so the path He is in Meta’s for small |e|. Thus, ■^Mfj^y{He)\^_Q = 0, as Ff minimises My^r in 
Now, Lemma 3.28 (ii) applied to s G L^S{H) gives 
d 


'AI„^y(yHe)\^_Q - [ niy ^ yi ^ H ), s ) i ^2 H - s )]^2 


H- 


de*’*"’' 

As in the first paragraph of this proof, if TZ is simple and s G L^S^{H) satisfies (s, Lh{s))l2 h = 0, 
then Lemma |3.28| (iii) implies that s is zero. This contradicts the assumption ma-,T{H) / 0. □ 

Definition 3.29. Wh say that M(j,r satisfies the main estimate in if there are constants 

Cl, C 2 > 0, which only depend on B, such that sup |s| < CiM„^y{H) + C 2 , for all H = G 
Mef^’° , s G L^S. 
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Proposition 3.30. IfTZ is simple and satisfies the main estimate in then there is a 

hermitian metric on TZ satisfying the {a, t) -vortex equations. This hermitian metric is unique up to 
multiplication by a positive constant. 

Proof. This result is proved in exactly the same way as in §3.14], so here we only sketch the 
proof. One first shows that if Mfj^r{Ke^) is bounded above, then the Sobolev norms ||s||^p are 
bounded. One then takes a minimising sequence {Ke^t} for with Sj G L^S^', then 

are uniformly bounded, so after passing to a subsequence, {sj} converges weakly in to some s. 
One then sees that M^-^t is continuous in the weak topology on so converges to 


M(jT-(iTe®). Thus, H = Ke^ minimises M„^r- By Proposition 3.24, = 0, i.e. H satisfies 

the vortex equations. By elliptic regularity, H is smooth. The uniqueness of the solution H follows 
from the convexity of M(j(cf. Lemma 3.28| [iii)) and the simplicity of TZ. □ 

The proof of Theorem |3.1| is therefore reduced to show that if TZ is {a, r)-stable, then M(jsatisfies 
the main estimate in (this is the content of §3.6). 


3.5. Equivalence of (7° and estimates. The following proposition will be used in §3.6 


Proposition 3.31. There are two constants Ci,C 2 > 0, depending on B and a, such that for all 
H = iTe® G s G L'^S^, sup | ■s| < Cl ||s|| 2 ,i + C 2 . 

Corollary 3.32. satisfies the main estimate in if and only if there are constants Ci,C 2 > 

0, which only depend on B, such that ||s|| 2 ,i < CiM^^r{H) + C 2 , for all H = Ke^ G 
seL^S^. ’□ 


Corollary ^.32 is immediate from Proposition 3.31 . To prove Proposition 3.31 , we need three 
lemmas. The first one is due to Donaldson [D3| (see also the proof of ||^, Proposition 2.1]). 


Lemma 3.33. There exists a smooth function a : [0, 00 ) —> [0,oo), with a(0) = 0 and a{x) = x 
for X > 1, such that the following is true: For any S G M, there is a constant C{B) such that if 
f is a positive bounded function on X and Af < b, where b is a function in L’P{X) (p > n) with 
W^Wlp < B, then sup|/| < 67(5)0(11/112,1). Furthermore, if Af < 0, then Af = 0. □ 


Lemma 3.34. If s G L^S and H = iTe® G Met^, then ([/, s) > ([</>, s). 

Proof. The function /(e) = ([iji, 1 /*^^], s) for e G M, where Lfg = iTe®®, is increasing, as d/(e)/de = 
|[s,</>]lL ^ (i^))- Now,/(0) = ([(/>, (/>*'^],s),/(I) = ([(/>,(/>*'f^],s), sowearedone. □ 


Lemma 3.35. If H = iTe® G Met^, with s ^ L^S, then 

{ma,r{H) - ma,r{K), ■s) > ^ ' s| • s|, 

where ■ s G L^S is of course defined by ■ s)y = al^'^STj,for v G Qo- 

Proof. This lemma, and it s proof, are similar to (but not completely immediate from) ||^ Proposition 
3.7.1]. First, Lemmaand ( ^(^ imply 


(3.36) - ma,T{K),s) >s/^k{a ■ Fh - a ■ Fk-,s) = s/^A{a ■ ds{e ®c?xe®),s), 
where 

(3.37) (cr • ds{e~^dKC), s) = d{a ■ e“®c) 2 ^e®, s) + (cr • e~^dKe^, dxs) 
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(for Ax is the Chern connection corresponding to the metric K). To make some local calculations, we 
choose a local -orthogonal basis {u^^i} of eigenvectors of Sy, for each vertex v, with corresponding 
eigenvalues and let be the corresponding dual basis; thus, 


Si] — 




(g) 


i 

As in (3.36)], a local calculation gives 
for V G Qo, we get (a • e~^dKe^, s) = \d\s'\^, where s' = • s. Thus, 


}) = multiplying by and adding 


(3.38) 


d{a ■ e ^dxe^, s) = ^dd\s'\^ = |s'|(9c)|s'| + c)|s'| A c)|s'| 


From ( |3.36| ), ( p.37D , ( [3.38| ) and the equality A = 2 Add for the action of the laplacian on 
0-forms in a Kahler manifold, we get 

— ma^r{K), s) > ^|s'|A|s'| -|- -y/^A(5|s| A c)|s'|) + \/^A((t • e“^c)xe*, dxs). 

In the proof of Proposition 3.7.1], there are several local calculations which, although there they 
are only used for the section s G L^S defining the metric H = iTe®, are actually valid for any 
iT-selfadjoint section, in particular for s' G L 2 S. Thus, [i (3.42)] applied to Sy is 

\/^A(e“®’'(9i^„e*A(T • dx^Sy) > '^^/^A{dXy^i AdXy^i), 

i 

and multiplying by Uy and adding for v G Qo, we get 

(3.39) •\/^A(cj • e~'^dxe‘^, a ■ dxs) > ^ a/^A(c)A^ j A 9A^ J, 


where A^ ^ := a\^‘^Xy^i are the eigenvalues of s'^ = Oy ^Sy, similarly, (3.43)] applied to s' i 
(3.40) ^x/^A(9A;i A^A'^^J > x/^A(5|s'| A 9|s'|) = - x/^A(5|s'| A a|s'|). 

From ( |3.38[ ), ( p.39[ ), ( |3.40D , we obtain {mcr,T{H) — ma^T^K), s) > ^|s'|A|s'|. 


/ - 


IS 


□ 


Proof of Proposition 3.31 . Let cJmin = min{cr„|n G (5o}^ fmax = max{cr„|n G Qo}- Given H = 
iTe® G Mef 2 with s G L^S^, let / = ■ s\ and b = {\ma^T{H)\ -|- \mrj^T{K)\). We 

now verify that / and b satisfy the hypotheses of Lemma |3.33| , for a certain B which only depends 

on B. First, ||6||lp < 2cr. 
prove that 

(3.41) 


■Jl\\\m,,rm\Lp + \\m,AK)\\Lr) <B := 2a^^2B^lv. Second, 


we 


A/<6. 


At the points where / does not vanish, / ^ < cr^^in l-sj so Lemma p.35| gives 

A/ < 2af^^l^\s\~^{m„^y{H) - m„^r{K),s) < 2cj“V^|m^,^(i7) - m„^r{K)\ < b, 

while to consider the points where / vanishes, we just take into account that A/ = 0 almost ev¬ 
erywhere (a.e.) in /“^(O) C X, and that 6 > 0 by its definition, so (3.41) actually holds a.e. in 
X. The hypotheses of Lemma 3.33 are thus satisfied, so fhere exisfs a consfant C{B) > 0 such fhaf 
sup / < C{B)a{\\f\fi), wifh wifh a : [0, 00 ) —> [0, 00 ) as in Lemma 3.33. This esfimafe can also 

be wriffen as sup/ < Gi + C 2 , where Ci,C 2 > 0 only depend on B. Now, |s| < uJ/V and 

^ V2 I I 

J ^ ^^maxl^l? SO 


sup |s| < uJ/^(Ci||/||ii + C 2 ) < {CialllMLi + C 2 ) 

The esfimafe is obfained by redefining fhe consfanfs Ci, C 2 . 


□ 
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3.6. Stability implies the main estimate. The following p ropo sition, togethe r with Proposition 3.30 
are the key ingredients to complete the proof of Theorem ^T] (cf. Definition |3.29 for the main esti 
mate). 


Proposition 3.42. IfTZis 


cr,T 


-stable, then satisfies the main estimate in 


To prove this, we need some preliminaries (Lemmas 
constants with lim C,- = oo. 

j-^oo 

Lemma 3.43. If does not satisfy the main estimate in then there is a sequence 

in with Ke^t £ (which we can assume to be smooth), such that 

(i) lim ||sjll^,! = oo, 

j^OO 

(ii) IIsjIIli > CjM(Ke^fy. 


3.43-3.46). Let be a sequence of 


Proof. Let b > ||mo-^T-(i6)||^p with h < B, so C Thus, if does not satisfy 

the main estimate in then it does not satisfy the main estimate in either. We shall 

prove that for any positive constant C', if there are positive constants C" and N such that ||s||li < 
CM„^r{Ke^)-\-C'' whenever s £ with Ke^ € and ||s|| 2 ,i > N, then Mo-,t satisfies fhe 

main esfimafe in The lemma follows from fhis claim by choosing a sequence of consfanfs 

wifh Nj —> oo, and faking C" and Sj e wifh Ke^t £ Met^^ C HsjUli > 

Nj, and ||s||j;,i > + C". Lef C, 67", N be such fhaf 

\\s\\li < C'M^,p(i6e") + 67" for \\s\\li > N. 



below on Sn, i-C- > —A for each s G Sn, for some consfanf A > 0. Thus, ||s|| 2 ,i < 

C'(Ma^r{Ke^) + A) + for each s G Sn- Replacing 67" by max{67",C'A + N}, we see fhaf 


IIsIIli ^ C + 67", for each s G wifh Ke^ G By Corollary 3.32 , M^^r 

salisfies fhe main esfimafe in Finally, since fhe sef of smoofh sections is dense in L^S^, we 

can always assume fhaf Sj is smoofh (we made fhe choice b < B so fhaf if Ke^t is in the boundary 
||mo-,T(-f6)||^p jj = bof we can still replace sj by a smooth s'- with Ke^t £ Mef^’^)- C 


does not satisfy the main estimate in Let {sj}^^ be a 

sequence as in Lemma 3.43, Ij = ||sj|| 2 ,i, C{B) = 67i + 672, where 67i,672 are as in Proposition 


Lemma 3.44. Assume that M„ 


3.31 and Uj = Sj/lj. Thus, ||rij||Li = 1 and sup |uj| < C{B). After going to a subsequence. 


Uj Ucx) weakly in L\S^, for some nontrivial Uoo G Ll^S^ such that if : M x M —> M /s a smooth 
non-negative function such that 3^{x,y) < l/{x — y) whenever x > y, and 3^^ : K x M —> M is a 
smooth non-negative function with 3^s{x, y) = 0 whenever x — y < e,for some fixed e > 0, then 

(a ■ \/^AFx, ^OO )l^ + (ct • {ucx])d£Uc>cj dsti-oo) T {f ■ id, Ucx])l^ fi 0. 


Proof. To prove this inequality, we can assume that and have compact support (for sup \ uj \ are 
bounded, by Lemma 3.3 1| , and the definitions of 3^(s)d£Uoo and only depend on the values 

of 3^ and 3^^ at the pairs (Aj, \j) of eigenvalues, as seen in § 3.1.6 ). Now, if 3^ and 3^i- have compact 
support then, for large enough I, 


^{x,y) <l^{lx,ly), .^e{x,y)<l ^i>{lx,ly), 
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where ih and are defined as in ( |3.15D and ( p.2lD (cf. the proof of [Q, Proposition 3.9.1]). Since 
Ij —> oo, from these inequalities we obtain that for large enough j, 

J^2 ^ (J j ^v'^j ? 


so Lemma [3.43| (iii) applied to Sj = ljUj, together with lemma |33^ , give an upper bound 

^ + >/7iM.,.(iLe'2-2) + /-i||<^||2^ > {a-V^AFK,u,)L2 

'‘j 

+ {a ■ ^{uj)d£Uj,deUj)L2 + {^s{uj)4>A)L^ - ' id,Uj)L2- 

As in the proof of ll Proposition 3.9.1], one can use this upper bound to show that the sequence 
is bounded in L\. Thus, after going to a subsequence, Uj —> Uoo in L^, for some Uoo £ L^S 
with ||uoo||li = Ij so Uoo is non-trivial. 

We now prove the estimate for Uoo- First, since sup \uj\ < b := C{B), Uj Uoo in Tq applying 
Lemma p.l4K iii) , one can show (as in the proof of Lemma 5.4]) that (cr • yj—1 KFK,Uj)i 2 + {a ■ 
^{uj)d£Uj,d£Uj)i 2 approaches {a ■ AFk,Uoo)l^ + {cr ■ ^iuoc)d£Uoo,d£Uoo)L^ as j ^ oo. 
Second, since Lf C is a compact embedding and actuallly Uj G ^,5 C Lg applying Lemma 
|3.14| (iv) (as in the proof of [^, Proposition 3.9.1]), ^ L^f^,S{EndAi), u ^ ^s{u), is 

continuous on Lg ^5, so limj^oo ^e{uj) = =^£(uoo)- Since sup \ uj\ are bounded, this implies that 
(^e(uj)(/>, (/>)j ,2 converges to {^^{uoo)4',4')l‘^ as j oo. Finally, it is clear that (r • id,Uj)i 2 
(r • id, Uoo)l 2 as j —> oo. This completes the proof. □ 


Lemma 3.45. If does not satisfy the main estimate in and Uoo G is an in Lemma 

3.4d[ then the following happens: 


(i) The eigenvalues ofuoo are constant almost everywhere. 

(ii) Let the eigenvalues of Uoo be Xi, Xy. If ^ : M x M 
whenever Xi > Xj, 1 < i, j < r , then ^ {uoo){d£Uoa) = 0. 

(hi) If is an in Proposition 3.44, then ^e{uoo)f = 0. 


satisfies X^{Xi,Xj) = 0 


Proof. Parts (i) and (ii) of are proved as in [ |UY| , appendix], §§6.3.4 and 6.3.5], or [^, §§3.9.2 
and 3.9.3], using Lemm£3.14(ii) for part (i) and the estimate in Lemma 3.44 for part (ii). Part (hi) is 
similar to [^, Lemma 3.9.4], and again uses the estimate in Lemma 3.44 . □ 

We now construct a filtration of quiver subsheaves of TZ using L^-subsystems, as in |^, §3.10]. 

Lemma 3.46. Assume that does not satisfy the main estimate in Let Uoo G L^S^ be 

as in Lemma 3.44 . Let the eigenvalues ofu^o, listed in ascending order, be Xq < Xi < ■ ■ ■ < Xy. 
Since u^o is ‘a-trace free’ (cf. § 3.7.31 ), there are at least two different eigenvalues, i.e. r > 1. Let 
Pq, .. . ,Pr : R ^ R be smooth functions such that, for j < r, Pj{x) = 1 if x < Xj, Pj{x) = 0 if 
X > Aj+i, and Pr{x) = 1 if x < Xy. Let TVy : S ^ £y be the canonical projections (cf. ( |3.3| )) and d£ 
be as in (0. The operators vr^ = pj {uoo ) and vr' ^ = tt'-o TTy, for 0 < j < r, satisfy: 

(i) tt' G L\S, tt'? = tt' = tt'*^ and (1 - Tr'j)d£Tr'j = 0. 


7 J 

(ii) (id -Tr'j^ha) °4>aO {-rt'j ^y^ 0 id^^) = 0/or each v G Qo- 
(ih) Not all the eigenvalues of Uoc are positive. 


Proof. The proof of (i) is as in (right below Lemma 5.6; see also [^, Proposition 3.10.2(i)-(iii)]). 
Part (ii) is similar to, but more involved than, [^, Proposition 3.10.2(iv)], so we now give a detailed 
proof of this part. For each j, let e > 0 be such that e < (Aj+i — Xf)l2, and <^2 : K —> M be 
smooth non-negative functions such that ipi{x) = 0 if x < Aj+i — e/2 and <pi{x) = 1 if x > Aj+i, 




























18 


LUIS ALVAREZ-CONSUL AND OSCAR GARCfA-^PRADA 


in the case of (pi, and (^ 2 ( 2 /) = 1 if 2 / < Aj and <^ 2 ( 2 /) = 0 if 2/ ^ + e/2, in the case of (/? 2 - Let 

: M X M —> M be given by 

■^e{x,y) = p}l{x)ip2{y). 


If ^e{x, y) / 0, then x > A^+i — e/2 and y < \j + e/2, so x — y > Aj+i — Xj — e > £\ thus, 
satisfies the hypothesis of Lemma |3.45| (iii), so = 0- But ^e{uoo)4> = ¥^i('i*oo)o</>o¥^ 2 ('Wc 


(cf. ( p.l2D ), where (^i(uoo) = id—vr' and p) 2 {uoo) = tt', which completes the proof of part (ii). 
Finally, part (iii) follows from tr(cr • Uoa) = 0 and the non-triviality of Uoo- n 


Proof of Proposition 3.4'^ Assume that does not satisfy the main estimate in We have 

to prove that TZ is not (cr, r)-stable. By Lemma |3.46K i), the operators vr' ^ are weak holomorphic 
vector subbundles of £y, for u G Qo [L^. §4]. Applying Uhlenbeck-Yau regularity theorem [ ]UY| , 
§7], they represent reflexive subsheaves ^ C £v, and by Lemma [3.46K ii), the inclusions £'j y C Sy 
are compatible with the morphisms hence define Q-subsheaves TZ'- = (<?j, f-) oiTZ = {£, f). 
We thus get a filtration of Q-subsheaves 


0 


7^' -- K 


IZL = TZ. 


As in [|, (3.7.2)], 


r r—1 

Uoo — Aq^Tq + ^ ^ Xj^TTj Trj_i) = Xy id^: ^ ^ (Aj+i Aj)vrj, 
j=l j=o 

so the u-component Uoo,v = Uoo o vr^ of Uoo is 


r—1 

(3.47) Uoo,v — Xy id^:^ — ^ ^ (Aj+i 

j=0 


(note that it may happen that vr' y = 

= <^Pj{Uoo,v){d£^Uoo,v), SO 


vr 


j+l,v 


for some v and j). From (3.13) and tt' 




Pj{Uco,v\ 


(3.48) 


r—1 r—1 

^~~l (Aj-tl — ^j)\dEy'Xj^y\ = ^~~l (Aj + l — Aj)((dpj) {Uoo,v)dSv{Uoo,v)^d£y{Uoo,v)) 

j=0 j=0 

i.Uoo,v^{d£vUoo,v): dSyUoa^v) ^ 


where 


I X R — > R, defined by = X]j=o(Ai-i-i — Aj)(dpj)^, satisfies the conditions of 
Lemma 3.44 (cf. e.g. the proof of |^, Lemma 5.7]). We make use of the previous calculations to 
estimate the number 


r—1 \ 

“ deg^,^(7^'•) 

i=o / 

On the one hand, the degree of the subsheaf £j y C £y is given by ( |3.L5 ), 


X = Vol(X) A,deg,,,(7^) 


Vol(X)deg(f',J = (x/^AFK„,4„)i2 - \\deyjjl 2 , 
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)—1 


and this formula, together with equations ( 3.47 ) and ( 3.48 ), imply 

X \/^AFx„,A^id£„ -^(Aj+i - AjOvr',, + ^ c7^^(Aj+i - Aj)||5£„7r'. 

vGQo \ j=0 J ^2 v&Qo j=0 

( r-1 

A.rk(f„)-j;(A,+i-A,)rk(£:',J 

j=0 

= (cr • \/^AFx,Uoo)l 2 + (cr • ^{Uoo){deUoo),dsUoo)L^ - (r • id,t 6 oo)L 2 . 


2 

vWl"^ 


It follows from Lemma |3.44| (with = 0, cf. Lemma |3.45| (iii)), that X < 0. On the other hand, if 
TZ is (cr, r)-stable, then for 0 < j < r, and since a ■ u^o G is trace free. 


r—1 


tr(o- • Uoo) = tr(noo o vr^,) = A,. ^ cr^ rk(£:^) - ^(Aj+i - Xj) ^ = 0; 

V v£Qo j=0 veQo 


so we get 


X = 


Vo1(a:) 


r—1 


^(Aj+i - Xj) ^vrk(£' J deg^^^(7^) cr^ rk(£:„) deg^_^(7^'■; 


I2vGQo j=0 \vGQo vGQo 

r—1 

= Vol(X) Y^(Xj+i - Xj) ^ (T^rk(£:j ,,)(/i^^^(7^) - /i^^^(7^'■)) > 0. 
j=0 v£Qo 

Therefore, if does not satisfy the main estimate in then TZ cannot be (cr, T)-stable. □ 

3.7. Stability implies existence and uniquenes of special metric. Let 7Z = (£,(/>) be a (cr, r)- 

polystable holomorphic Q-bundle on X. To prove that it admits a hermitian metric satisfying the 
quiver (cr, r)-vortex equations, we can assume that 7Z is (a, T)-stable, which in particular implies that 
it is simple. The existence and uniqueness of a hermitian metric satisfying the quiver (cr, T)-vortex 
equations is now immediate from Propositions 3.30 and [3.42 . □ 

Sections \2 and 'iJ_ prove Theorem |3.1i 


4. Yang-Mills-Higgs functional and Bogomolov inequality 

Let cr, r be collections of real numbers with > 0, for v G Qo- Given a smooth complex 

vector bundle E, let ci(i7) and ch 2 {E) be its first Chem class and second Chem character, respec¬ 
tively. By Chem-Weil theory, if A is a connection on E then ci{E) (resp. ch 2 {E)) is represented by 

the closed form tr(TA) (resp. — ^ tr(F^^)). Define fhe topologial invariants of E 

p _ 1 -t p n 

(4.1) C,{E)= / ci(i7)A-^^^ = - / triV^AFA)^^ 

Jx (n-1)! 2tt Jx n\ 

and 

r- 1 r 

= A ^ = 

(thus, Cl (77) is the degree of E, up to a normalisation factor). Given a holomorphic vector bundle 
S on X, we denote by Ci{S) and Ch 2 {£) the corresponding topological invariants of its underlying 
smooth vector bundle. 
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Theorem 4.3. IflZ = {£,4>) is a {a,T)-stable holomorphic Q-bundle on X, and the qg-selfadjoint 
endomorphism y/—l of Ma is positive semidefinite, for each a G Qq, then 

(4.4) '^TvCi{Sy) > 27r ^ ayCh2{£v)- 

V&v veQo 

lfCi{£y) = 0, Ch 2 {£v) = 0 for all v G Qq, then the connections are flat for each v G Qq, and 

(4-5) ^ ^ (ff o4>a = Ty idEy 

a£h~^(v) aGt~^(v) 

for each v G Qq, where H is a solution of the M -twisted quiver (cj, T)-vortex equations on IZ. 


Thus, qui ver bundles can be useful to construct flat connections. Note that when X is an algebraic 
variety, ( ^ ) means that TZ 'isa family of r-stable Q-modules parametrized by X (cf. li, §§5, 6]). 

This theorem is an immediate consequence of the Hitchin-Kobayashi correspondence for holo¬ 


morphic Q-bundles and Proposition below. We shall use the notation introduced in 
Definition 4.6. The Yang-Mills-Higgs functional YMH„^r : xY x M is defined by 


II dA. fa\ 


1,2 


veQo 


o,^Qi 


+ 2E 


fj, 


-1 


v&Qo 


a^h~^(v) 




ofa-Ty idEy 


L2 


where Aa is the connection induced by Ata, Ag^ and Aha on the vector bundle Yi.om.{Eta ® Ma, Eha 


In the following, || • || will mean the L^-norm in the appropiate space of sections. Note that in 
Theorem ^ it is assumed that ^J£A. AFg^ is semidefinite positive for each a G Qq, so it defines a 
semidefinite positive sesquilinear form on n‘^(Hom(£'to (g) Ma, Eha)) by 

{(pa, <t>'a)qa =[ {(Pa O (idiJta s/M AFgJ O , for each fa, (p'a e ^°iYiom{Eta0Ma, Eha))- 

Jx 

Adding together, we thus get a semidefinite positive sesquilinear form on fl®, defined by 

{(p, (p')^,M = Y ^'a)L^,qa^ ^ ■ 

aSQi 

Thus, \\(p\\% M ■— {(Pi (P)^,M > 0 for each f G 

Proposition 4.7. If {A, f) ^ A' x with Ay G AI'^ for all v G Qq, then 


YAIHa,r{A,(P) =dY +47r ^ TyCliEy) - StT^ ^ ayCh2{Ey) - 

a£Qi v£Qo v£Qo 


+ X] ^ 

vGQo 


cryy/^AFAy+ Y 


k*H 


Y ^*0^ ° (pa -Ty idE„ 


a£h ^(i;) 


aGt~^{v) 


Proof Before giving the proof, we need several preliminaries. First, note that for any Ay G A^'^, 

(4.8) ||Fa„ f = IIAFa„ f - 87T^Ch2{Ey) 

(cf. e.g. [||, Theorem 4.2]). Secondly, we notice that the curvature of Aa, for A G Qi, is given by 

(4.9) Fa, {(pa) = o fa-(paO {F Ata ® idiu, + idEta ®FgJ 
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where 4>a is a section of Hom(ii^fa, E^a)- Finally, since the (0, l)-parts of the unitary connections 
^ta, ^ha define holomorphic structures, Aa also defines a holomorphic structure on the smooth vector 
bundle Hom(£'ta, Eha), so it satisfies the Kahler identities 

= Ba^. 

In particular, the commutator of \/^ A with the curvature Fa^ = BAa BAa ^a^ is \/—1[A, Fa^ ] = 
— A'a^, where = O^Ba + BaBa and A a = BaBa + BaBa- When acting on sections 4>a of 
Hom(£'ta, Eha)^ this simplifies to 

y/^KFA^Ba = ^Aa^a “ ^Aa^a- 

SO that 

(4.10) {V^AFAjaAa)L^ = II^A^af " 

To prove the proposition, we define 

[/,(</))= BaOcPf- 

for (/> e and v € Qq. Then 


^ cr^ ^||cr^\/^AFA„ +C4(</>) -TyidE^ Ip = ^ CT^IIAFaJI^ 
v£Qo vGQo 

+ Y1 ^B^\\Uv{B)-rvidE„ f+2 ^ (\/^AFA„,C/^((?i))L2-2 ^ ct“Ha/^AFa„, idijJi2, 

v£Qo v£Qo vgQo 

where (p~^), ( |4.10D give 

^ (\/^AFa,,Uv(B))l2 = (V^AFa^^ 0(/)a-^aO (V^AFAta <E> idMj, Ba) 

vGQo aeQi 


= (V^AFA^(/>a,Ba)L^ “ ||0|U,M = ^ WBAaBaW"^ “ ^ WBAaBaW"^ “ \\B\\^,M- 

o,^Qi o,^Qi o,^Qi 


The proposition now follows from the previous equation, (|4.8|), and the definition of Ci{Ey 


□ 


Proof of Theorem |4.4 Let F = {£,(j))he, {a, T)-stable, H the hermitian metric on F satisfying the 
(cT, T)-vortex equations (cf. Theorem |3.1D , and A ^ sif the corresponding Chern connection. By 
Definition YMHa^riA, f) > 0, while from Proposition this is 27r t^C'i(F„) — 

as dAaBa = 0 for each a G Qi- Since we are assuming 
\\B\\% M — obtain ( |4.4[ ). Furthermore, if Ci{£v) = Ch 2 {£v) = 0 for each v G Qq, 

then YMH„^r{A,B) = < 0, but this functional is non-negative by Definition p.6| , so 


YMHfj^r{A, B) = 0. Thus, Fa„ = 0 and we also obtain ( p~^ for each 


1.6 


G Qq, again by Definition 
□ 


5. Twisted quiver sheaves and path algebras 

The category of M-twisted Q-sheaves is equivalent to the category of coherent sheaves of right A- 
modules, where A is certain locally free Ox-sheaf associated to Q and M —the so-called M-twisted 
path algebra of Q. This provides an alternative point of view of twisted quiver sheaves which, in 


below). In particular, it may be a better point of view to study the moduli space problem, which we 
will not address in this paper. To fix terminology, a locally free (resp. free, coherent) Ox-algebra 
is a sheaf S of rings which at the same time is a locally free (resp. free, coherent) Ox-module. 
Given such an Ox-algebra S, a locally free (resp. free, coherent) S-algebra is a sheaf A of (not 


certain cases, gives a more algebraic understanding of certain properties of Q-sheaves (cf. e.g. §5.2 
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necessarily commutative) rings over S which at the same time is a locally free (resp. free, coherent) 
Ox-module. A coherent right A-module is a sheaf of right A-modules which at the same time is a 
coherent Ox-module. 


5.1. Coherent sheaves of right >l-modules. Throughout 
that is, Qq and Qi are both finite. Let M be as in 


j5.1, we assume that Q is a finite quiver. 


1 . 2 . 


5.1.1. Twisted path algebra. Let S = Qv&QqOx • be the free Ox-module generated by Qq, 
where ev are formal symbols, for v G Qq. We consider a structure of commutative Ox-algebra on 8, 
defined by ■ e^/ = e„ if r; = v', and • e„/ = 0 otherwise, for each v, v' G Qq. Let 

M = 0 Ma 

aGQi 

be a locally free sheaf of S-bimodules, whose left (resp. right) S-module structure is given by e^, • m = 
m if m G Ma and v = ha (resp. m • e„ = m if m G Ma and v = ta), and e„ • m = 0 otherwise 
(resp. m ■ By = 0 otherwise), for each v G Qq, a G Qi, m G Ma- The M-twistedpath algebra of Q 
is the tensor S-algebra of the S-bimodule M, that is, 

e>o 

Note that A is a locally free Ox-algebra. Furthermore, since Q is finite, A has a unit 
(5.1) lyi — ®v&Qo(^v 



5.1.2. Coherent A-modules. We will show now that the category of M-twisted Q-sheaves is equiva¬ 
lent to the category of coherent sheaves of right A-modules, or coherent right A-modules. This result 
is a direct generalisation of the corresponding equivalence of categories for quiver modules (cf. e.g. 
[ [\RS ]). We define an equivalence functor from the first to the second category. Let TZ = {S, (f>) be an 
Af-twisted Q-sheaf. Let E = ©,,gQQ<?t, as a coherent Ox-module. The structure of right A-module 
on E is given by a morphism of Ox-modules pji : E <S>Ox dL ^ E satisfying the usual axioms defin- 




Ox-ey = 


ing right modules over an algebra. Letyr^, : E(g)o^§ = (Bv,v’(^Qo^v^Ox^x -Gv' 

Ey, be the canonical projection, and Ly ■. Ey ^ E the inclusion map, for each v G Qq. Let 
Py = iy o TTy : E 'S>oX ^ ^ E. Thc morphism p$ = YIv&Qq hv ■ E ^Ox ^ E defines a structure 
of right S-module on E. The tensor product of E and M over 8 is E' ©§ M = ©aeQi-^'ta ©Ox 
let TTa : E ©§ M —> Eta ©Ox be the canonical projection, for each a G Qi. The morphism 
hM = X^aeQi ° (pa o TTa : E ®s M —> E is a morphism of S-modules. Since A is the tensor 
S-algebra of M, pxi induces a morphism of Ox-modules pA '■ E ®Ox d{ —>■ E defining a struc¬ 
ture of right A-module on E. This defines the action of the equivalence functor on the objects of 
the category of M-twisted Q-sheaves. It is straightforward to construct an action of the functor on 
morphisms of M-twisted Q-sheaves, so this defines a functor from the category of M-twisted Q- 
sheaves to the category of coherent right A-modules. We now define a functor from the category 
of coherent right A-modules to the category of M-twisted Q-sheaves, and see that this new functor 
is an inverse equivalence of the previous functor. Let E be a coherent right A-module, with right 
A-module structure morphism p^ '■ E ©Ox di ^ E. The decomposition ( |5.1[ ) is a sum of orthog¬ 
onal idempotents in A (i.e. el = By, By ■ By' = D for v,v' G Qq with v / v'), so E = (By^q^Ey 
with Ey = Pa{E ©Ox • Gy) C E, for each v G Qq, and the tensor product of E and M over 
8 is E ©s M = ©aeQi^ta ©Ox ^a- The restriction of p^ to E ®Ox ^ induces a morphism of 
8-modules px[ : E ©§ M ^ E. The image of Eta ©Ox under px[ is therefore in Eha^ hence 
defines a morphism of C>x-modules (pa : Eta ©Ox ^ha, for each a G Qi- This defines a 

functor from the category of coherent right A-modules to the category of M-twisted Q-sheaves. It 
is straightforward to define the action of this functor on morphisms and to prove that this functor. 
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toget her w ith the previous one, are inverse equivalences of categories (actually, of Ox-categories, cf. 
e.g. [ARS]). This completes the proof of the following: 


Proposition 5.2. The category of coherent right A-modules is equivalent to the category of M-twisted 
Q-sheaves on X. 


5.2. Tensor products of stable twisted quiver bundles. As a simple application of Proposition 
|5.2i we now prove that the tensor product of two polystable twisted holomorphic quiver bundles is 
polystable as well. To do this, we first define the appropriate notion of tensor product of quiver 
sheaves. Let Q = (QoiQi) and Q' = {Q'q,Q'i) be two finite quivers with the same vertex set 
Qo = Qo> and tail and head maps f, /i : Qi —> Qq, f, h' : Q'^ —> Q'q, respectively. Let M (resp. 
M') be a collection of finite rank locally free sheaves Ma (resp. M',) on X, for each a £ Qi (resp. 
a' £ Q\). Let 8 = QvcOn^x • be a free sheaf of Ox-algebras as in §|5.L1 
M' = 


^a'eQ'i 


Ma', be locally free sheaves of S-bimodules defined as in ^ p.l.l 


Lef M = 
and 




A = 0 ^' = 0 

1=0 1=0 

fhe M-fwisfed and M'-twisfed pafh algebras of Q and Q', resp. Thus, fhe category of coherenf righf 
yi-modules (resp. yi'-modules) is equivalenf fo fhe category of M-fwisfed Q-sheaves (resp. M'- 
fwisfed Q'-sheaves) on X. Lef Q" be fhe quiver which has fhe same verfices as Q and Q', and has 
fhe arrows of Q and Q', i.e. Q" = (Qg, Q") is fhe quiver, wifh fail and head maps t", h" : Q'{ Qg, 
defined by 

Qo ~ Qo — Qo! Qi — Qi^QiJ 

t" a = ta, h" a = haifa £ Qi, and t" a = t' a , h" a = h! a if a £ Q'l- 

Lef M" be fhe collecfion of finite rank locally free sheaves M'f on X, for each a £ Q", given by 
M" = Ma if a G Qi and M" = M^, if a' £ Q[. Lef 


M" = M © M' = 0 M". 


The M"-twisled pafh algebra of Q" is 

OO 

A" = 0M"®®^ ©§>!'. 

e=o 

The cafegory of coherenf yi"-modules is equivalenf fo fhe cafegory of M"-twisfed Q"-sheaves on X. 
Lef now E (resp. E') be a coherenf righf yf-module (resp. yi'-module). Since 8 is a commutative 
Ox-sheaf and E, E' are coherent 8-modules, their tensor product E^' = E ©§ E' is well defined 
and is again a coherenf 8-module. We define fhe sfruefure of a coherenf righf yi"-module on E" 
by fhe isomorphism A" = A ©§ J\!\ fhe aefion of a © a' £ {A ©§ A')x on e © e' £ E”, for 
each X G X, is (e © e') • (a © a') = e • a © e' • a'. Lef now TZ = {S, f) be fhe M-fwisfed Q- 
sheaf corresponding fo E, and VJ = {S', f) fhe M'-twisfed Q'-sheaf corresponding fo E', by fhe 
equivalences of categories of Proposifin |5.2[ The M"-twisled Q"-sheaf corresponding fo fheir tensor 
produef E" is fhen TZ" = {£", f"), where £'^ = £^ ®Ox for oach v £ Qo, and (/>" = fa ©Ox if 
a G Qi, f'a, = id ®Ox^'a' if ^ Qi- Thus, TZ" is fhe tensor product of TZ and TZ'. 

Proposition 5.3. Let a, r, t' be collections of real numbers Ty and rf respectively, with Oy > 0, 
for each v £ Qo, and let t" = t -\- t'. IfTZ is a {a, T)-polystable holomorphic M-twisted Q-bundle 
and TZ' is a {a, T')-polystable M'-twisted holomorphic Q'-bundle, then their tensor product TZ" is a 
{a, T")-polystable holomorphic M-twisted Q"-bundle. 
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Proof. To define the vortex equations on TZ and TZ', resp., we fix a family q of hermitian metrics 
on Ma, for each o G Qi, and a family q' of hermitian metrics q’^, on M^,, for each a' G Qp resp. 
By Theorem there is a hermitian metric H on TZ satisfying the (a, T)-vortex equations, and a 
hermitian metric H' on TZ' satisfying the (cr, r')-vortex equations. The Chern connection associated 
to the metric Tf" = ® H!^ on if'' = <5^ (8) for each n G Qo with nonzero and has 

curvature F//// = Fh„ (8 id + id . It is now straightforward to prove that the collection H" of 
hermitian metrics Tf" on £'^, for each v G Qo, is a hermitian metric on TZ" satisfying the (cr, t")- 
vortex equations. Thus, TZ" is (cr, r")-polystable, again by Theorem 3.1. □ 


6. Examples 

6.1. Higgs bundles. Let X be a Riemann surface. A Higgs bundle on X is a pair (F, <1>), where E 
is a holomorphic vector bundle over X and <1> G F°(End(F) (g) K) is a holomorphic endomorphism 
of F twisted by the canonical bundle K of X. The quiver here consists of one vertex and one arrow 
whose head and tail coincide and the twisting bundle is dual of the canonical line bundle of X, i.e. 
the holomorphic tangent bundle T'X of X. This quiver, and the twisting bundle attached to its arrow, 
is represented in Fig. 1. 

The Higgs bundle (F, <1>) is stable if the usual slope stability condition /i(F') < /t(F) is satisfied 
for all proper <l>-invariant subbundles E' of F. The existence theorem of Hitchin and Simpson 00 
says that (F, <1>) is polystable if and only if there exists a hermitian metric H on E satisfying 

(6.1) FH + [<T>,<T>*] = -V^tiidEOJ, 


where u is the Kahler form on X, ids is the identity on F, and /t is a constant. Note that taking the 
trace in the first equation and integrating over X we get fi = n{E). 


There are many reasons why Higgs bundles are of interest, one of the most important of which is 
the fact that there is a bijective correspondence between isomorphism classes of poly-stable Higgs 
bundles of degree zero on X and isomorphism classes of semisimple complex representations of the 
fundamental group of X. This important fact is derived from a combination of the theorem of Hitchin 
and Simpson mentioned above and an existence theorem for equivariant harmonic metrics proved by 
Donaldson [M] and Corlette [^. This correspondence can also be used to study representations of 
T^\{X) in non-compact real Lie groups. In particular, by considering the group U(p, q) one obtains 
another interesting example of a twisted quiver bundle. To identify this quiver we observe that there 
is a homeomorphism between the moduli space of semisimple representation of vri(X) in U(p, q) 
and the moduli space of poly-stable zero degree Higgs bundles (F, <1>) of the form 


( 6 . 2 ) 


E = V®W, 



where V and W are holomorphic vector bundles on X of rank p and q, respectively, 
/3 £ H^{Rom{W,V)® K) and 7 G F°(Hom(L, fL) 0 F). 


The corresponding quiver, with the twisting bundle attached to each arrow, is represented in Fig. 
2. Now, for this twisted quiver bundle one can consider the general quiver equations. Although they 
only coincide with Hitchin’s equations ( |0| ) for a particular choice of the parameters, it turns out that 
the other values are very important to study the topology of the moduli of representations of vri(X) 
into U(p, q) [ |BGGlp . 
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T'X 




A very important tool to study topological properties of Higgs bundle moduli spaces and hence 
moduli spaces of representations of the fundamental group is to consider the C*-action on the moduli 
space given by multiplying the Higgs field by a non-zero scalar. A point {E, <h) is a fixed point of 
the C*-action action if and only if it is a variation of Hodge structure, that is, 

(6.3) i? = © • • • © 

for holomorphic vector bundles Fi such that the restriction 

;= G H\Yiom{Fi, F^+i) © K). 

A variation of Hodge structure is therefore a twisted quiver bundle, whose twisting bundles are Ma = 
T'X, and the infinite quiver represented in Fig. 3. 


T'X T'X T'X T'X T'X T'X 

—> 


Fig. 3: Variations of Hodge structure. 

One can generalize the notion of Higgs bundle to consider twistings by a line bundle other than 


the canonical bundle. These have also very interesting geometry |GR|. 


6.2. Quiver bundles and dimensional reduction. Quiver bundles and their vortex equations appear 
naturally in the context of dimensional reduction. To explain this, consider the manifold X x G/P, 
where A is a compact Kahler manifold, G is a connected simply connected semisimple complex 
Lie group and P C G is a parabolic subgroup, i.e. G/P is a flag manifold. The group G (and 
hence, its maximal compact subgroup K C G) act trivially on X and in the standard way on G/P. 
The Kahler structure on X together with a AT-invariant Kahler structure on G/P define a product 
Kahler structure on A x G/P. We can now consider a G-equivariant vector bundle over X x G/P 
and study A-invariant solutions to the Hermitian-Einstein equations. It turns that these invariant 
solutions correspond to special solutions to the quiver vortex equations on a certain quiver bundle 
over A, where the quiver is determined by the parabolic subgroup P. In [ AGl ] we studied the case in 
which G/P = the complex projective line, which is obtained as the quotient of G = SL(2, C) by 
the subgroup of lower tria ngula r matrices, generalizing previous work by |^, ^, |BG[ ]. The general 
case has been studied in [ AG2| ]. We will just mention here some of the main results and refer the 
reader to the above mentioned papers. 

A key fact is the existence of a quiver Q with relations JC naturally associated to the subgroup P. 
A relation of the quiver is a formal complex linear combination r = Y/j <^jPj of paths pj of the quiver 
(i.e. Cj G C), and a path in Q is a sequence p = oq • • • of arrows Oj G Qj which compose, i.e. 
with tttj-i = httj for 1 < y < m: 


(6.4) 


P ■ 


ao 
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The set of vertices of the quiver associated to P coincides with the set of irreducible representations 
of P. The arrows and relations are obtained by studying certain isotopical decompositions related to 
the nilradical of the Lie algebra of P. For example, for P^, P^ x P^ and P^, the quiver is the disjoint 
union of two copies of the quivers in Fig. 4, 5 and 6, respectively. 


Fig. 4: G/P = P^ 



















































Fig. 5: G/P = pi X pi. 



In the case of the quiver associated to pi, the set of relations is empty, while for the quivers 
associated to pi x pi and P^, the relations rx are given by 


_ „( 2 ) „( 1 ) _ ^( 1 ) A2) 

— ®A-Li®A ®A-L2®A ’ 


where A e is a vertex, Li and L 2 are the canoncial basis of C^, and : A —> A — Lj are the 
arrows going out from A, for j = 1,2. Given a set JC of relations of the quiver Q, a holomorphic 
(Q,/C)-bundle (with no twisting bundles M^) is defined as a holomorphic Q-bundle TZ = {£,(/) 
which satisfies fhe relafions r = Y/j CjPj in JC, i.e. such fhaf Yj where c/){p) : Siam ^ 

Shao is defined for any pafh as fhe composifion (^{p) := o • • • o (/a^. 

Lef {Q, JC) be fhe quiver wifh relafions associafed fo P. One has an equivalence of categories 


J coherent G—equivariant 
1 sheaves on X x G/P 


<—>{ (Q,/C)—sheaves on X }. 


The holomorphic G-equivarianf vector bundles on X x G/P and fhe holomorphic (Q,/C)-bundles 
on X are in correspondence by fhis equivalence. Thus, fhe cafegory of G-equivarianf holomorphic 
vector bundles on AC x (P^)^ and Af x P^ is equivalenf to fhe category of commutative diagrams 
of holomorphic quiver bundles on X for the corresponding quiver Q. If we now fix a fofal order in 
fhe sef of vertices, any coherenf G-equivarianf sheaf P on X x G/P admifs a G-equivarianf sheaf 
filfrafion 

P : Q ^ Po ^ Pi ^ ^ Pm = P, 

J^s/J^s-i = P*£x. ® q*Ox^, 0<s<m, 


where {Aq, Ai, ..., Am} is a finite subsef of verfices, listed in ascending order, £q, ..., £m are non¬ 
zero coherenf sheaves on X wifh frivial G-acfion, and Ox,, is the homogeneous bundle over G/P 
corresponding to the representation A*. The maps p and q are the canonical projections from XxG/P 
to X and G/P, respectively. If is a holomorphic G-equivariant vector bundle, then £q, , £m are 

holomorphic vector bundles. 
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The appropriate equation to consider on a filtered bundle [ AGl | is a deformation of Hermite- 
Einstein equation which involves as many parameters tq, ri,..., G M as steps are in the filtration, 
and has the form 


( 6 . 6 ) 


/rolo 


= 


Till 



where the RHS is a diagonal matrix, written in blocks corresponding to the splitting which a hermitian 
metric h defines in fhe filfrafion If tq = • • • = then ( |6.6| ) reduces to the Hermite-Einstein 
equation. As in the ordinary Hermite-Einstein equation, the existence of invariant solutions to the r- 
Hermite-Einstein equation on an equivariant holomorphic filtration is related to a stability condition 
for the equivariant holomorphic filtration which naturally involves the parameters. 

Eet F he n G-equivariant holomorphic vector bundle on X x G/P. Eet ^ be the G-equivariant 
holomorphic filtration associated to T and TZ = (<5, cj)) be its corresponding holomorphic (Q, /C)- 
bundle on X, where {Q, JC) is the quiver with relations associated to P. Then P' has a ii'-invariant 
solution to the r-deformed Hermite-Einstein equations if and only if the vector bundles Sx in TZ 
admit hermitian metrics P[x on Sx, for each vertex A with Sx 7 ^ 0, satisfying 

(6.7) y/^nxAPn^ + ^ o C - ^a°4’a = rx id^:^, 

where nx is the multiplicity of the irreducible representation corresponding to the vertex A and 
are related to tx by the choice of the iT-invariant metric on G/P. It is not difficult to show that the 
stability of the filtration coincides with the stability of the quiver bundle where the parameters cja 
in the general stability condition for a quiver bundle equal the integers nx- This, together with the 
dimensional reduction obtainment of the equations, provides with an alternative proof of the Hitchin- 
Kobayashi correspondence for these special quiver bundles. 

Although the quiver bundles obtained by dimensional reduction on Af x G/P are not twisted, it 
seems that twisting may appear if one considers dimensional reduction on more general G-manifolds 
— this is something to which we plan to come back in the future. 
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